In this article, we extend general fuzzy normed spaces to fuzzy β-normed spaces and adopt the fixed point and direct methods to prove the Hyers-Ulam-Rassias stability of the quartic functional equation
Introduction
In , Ulam where ⊥ is the orthogonality in the sense of Rätz. Let us recall the orthogonality in the sense of Rätz [] .
Definition . ([]
) Suppose X is a real vector space with dim X ≥  and ⊥ is a binary relation on X with the following properties:
(O  ) the Thalesian property: if P is a -dimensional subspace of X, x ∈ P and λ ∈ R + , which is the set of nonnegative real numbers, then there exists y  ∈ P such that x ⊥ y  and
The pair (X, ⊥) is called an orthogonality space. By an orthogonality normed space we mean an orthogonality space having a normed structure.
Arunkumar et al. [] proved that a mapping f : X → Y satisfies the functional equation A number of mathematicians have extensively investigated the stability problems of several functional equations, and they obtained many interesting results concerning the problem (for instance [-]).
In this article, we extend general fuzzy normed spaces to fuzzy β-normed spaces and prove the Hyers-Ulam-Rassias stability of the orthogonally quartic functional equation (.) in this kind of spaces by two different methods: the fixed point and direct methods. Now we introduce the concept of a fuzzy β-normed vector space and associated concept of a fuzzy β-norm, followed by some examples to show the validity of the notion. Definition . Let X be a real vector space. A function N β : X × R → [, ] is called a fuzzy β-norm on X with  < β ≤  if for all x, y ∈ X and s, t ∈ R,
The pair (X, N β ) is called a fuzzy β-normed vector space.
We remark that when β = , (X, N β ) is fuzzy normed space (X, N).
is a fuzzy β-norm on X.
Proof (N), (N), and (N) are obviously true. Notice that for any t ∈ R, t > , and c = 
which implies that (N) holds.
To prove (N), let s > , t > , we assume that
We have by the above inequality
For any t  , t  ∈ R, and t  ≥ t  ,
So N β (x, ·) is a non-decreasing function of R, which proves (N).
Definition . Let (X, N β ) be a fuzzy β-normed vector space. A sequence {x n } in X is said to be convergent or converge if there exists an x ∈ X such that lim n→∞ N β (x n -x, t) =  for all t > . In this case, x is called the limit of the sequence {x n } in X and we denote N β -
Definition . Let (X, N β ) be a fuzzy β-normed vector space. A sequence {x n } in X is called Cauchy if for each ε >  and each t >  there exists an n  ∈ N such that for all n ≥ n  and all p > , we have
It is well known that every convergent sequence in a fuzzy β-normed vector space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy β-norm is said to be complete and the fuzzy β-normed vector space is called a complete fuzzy β-normed space.
Then (R, N β ) is a complete fuzzy β-normed space.
Proof Let {x n } be a Cauchy sequence in R, δ > , and ε = δ β +δ β . Then there exist some m ∈ N such that for all n ≥ m and all p > ,
So |x n+p -x n | β < δ for all n ≥ m and all p > . Therefore {x n } is a Cauchy sequence in
of the proof is similar to the proof of Example ..
) be a generalized complete metric space and J : X → X be a strictly contractive mapping with Lipschitz constant L < . Then, for all x ∈ X, either
for all nonnegative integers n or there exists a positive integer n  such that
(ii) the sequence {J n x} converges to a fixed point x * of J;
(iii) x * is the unique fixed point of J in the set X * = {y ∈ X|d(J n  x, y) < ∞};
Definition . An even mapping f : X → Y is called an orthogonally quartic mapping if
for all x, y, z ∈ X with x ⊥ y, y ⊥ z and z ⊥ x in the sense of Rätz.
Fuzzy stability of the orthogonally quartic functional equation: fixed point method
In this section, using the fixed point method, we prove the Hyers-Ulam-Rassias stability of the quartic functional equation in complete fuzzy β-normed spaces.
Definition . Let (X, ⊥) be a real orthogonality vector space and (Y , N β ) be a complete fuzzy β-normed space, where  < β ≤ . Define a difference operator Df :
for all x, y, z ∈ X with x ⊥ y, y ⊥ z, and z ⊥ x in the sense of Rätz. 
for all x, y, z ∈ X, t > , with x ⊥ y, y ⊥ z, and z ⊥ x. Then there is a unique orthogonally quartic mapping Q : X → Y such that
for all x ∈ X, t > .
Proof From (.), we get
for all x, y, z ∈ X, with x ⊥ y, y ⊥ z, and z ⊥ x. Replacing (x, y, z) by (, x, ) in (.), we get
for all x ∈ X and all t > . From (N), we get
for all x ∈ X and all t > .
If we define
and introduce a generalized metric on E as follows:
then (E, d) is complete (see[]).
We define an operator J :
for all x ∈ X.
First, we assert that J is strictly contractive on E.
for all x ∈ X and all t > . Hence
for all x ∈ X and all t > , so,
Next, we assert that d(Jf , f ) < ∞. From (.), we get
for all x ∈ X and all t > , i.e.,
Now, it follows from Theorem .(ii) that there exists a function Q : X → Y with Q() = , which is a fixed point of J (i.e., J(x) = J(x)), such that J n f → Q, namely,
for all x ∈ X. Since the integer n  of Theorem .(i) is  and f ∈ E * (see Theorem .(iii) for the definition of X * ), by (iv) of Theorem . and (a), we get
for all x ∈ X. So,
, then the inequality (.) is true for all x ∈ X, t > . From (.) and (.) we have
for all x, y, z ∈ X, t >  with x ⊥ y, y ⊥ z, and z ⊥ x and n ∈ N, since  n x ⊥  n y,  n y ⊥  n z, and  n z ⊥  n x. So, from (.), we get
for all x, y, z ∈ X, t >  with x ⊥ y, y ⊥ z, and z ⊥ x and n ∈ N. Since
for all x, y, z ∈ X, t >  with x ⊥ y, y ⊥ z, and z ⊥ x, we obtain
for all x, y, z ∈ X, t >  with x ⊥ y, y ⊥ z, and z ⊥ x. Assume that the inequality (.) is also satisfied with another quartic function Q : X → Y besides Q. Q satisfies Q (x) = (/)Q (x) = (JQ )(x) for all x ∈ X, and Q is a fixed point of J. From (.) and the definition of d, we can get
So, Q ∈ E * = {y ∈ E|d(Jf , y) < ∞}. 
for all x, y, z ∈ X, t > , with x ⊥ y, y ⊥ z, and z ⊥ x. Then there is a unique orthogonally quartic mapping Q : X → Y such that 
for all x, y, z ∈ X, with x ⊥ y, y ⊥ z, and z ⊥ x. If a mapping f : X → Y is an even mapping satisfying f () =  and (.) for all x, y, z ∈ X, t > , with x ⊥ y, y ⊥ z, and z ⊥ x, there is a unique orthogonally quartic mapping Q : X → Y such that
for all x ∈ X, t > . 
Fuzzy stability of the orthogonally quartic functional equation: direct method
In this section, we assume that (X, ⊥) is a real orthogonality vector space, (Y , N β ) is a complete fuzzy β-normed space with  < β ≤  and (Z, N β ) is a fuzzy β-normed space.
Theorem . Assume that a mapping f : X → Y is an even mapping satisfying the inequality
and f () =  for all x, y, z ∈ X, t > , with x ⊥ y, y ⊥ z, and z ⊥ x, and ϕ : X  → Z is a mapping such that
for some constant α ∈ R with  < α <  
, and all x, y, z ∈ X, t > , with x ⊥ y, y ⊥ z and z ⊥ x. Then there is a unique orthogonally quartic mapping Q : X → Y such that
Proof It follows from (.) that
for all x, y, z ∈ X, t > , and any integers j ≥ , with x ⊥ y, y ⊥ z, and z ⊥ x. Replacing (x, y, z)
for all x ∈ X and all t > . Replacing x by
for all x ∈ X and all t > . Now from (N) and (.), we get
for all x ∈ X and all t > . It follows from (.) that
for all x ∈ X and all t > , namely,
for all x ∈ X and all t > . So
which yields for all x ∈ X, t > , and n > , p ≥ . So, for all x ∈ X, t > . Replacing x, y, z by  n x,  n y,  n z in (.), respectively, we get
for all x, y, z ∈ X, t > , with x ⊥ y, y ⊥ z, and z ⊥ x and all n ∈ N. Since 
which tends to  as n → ∞, for all x ∈ X, t > , and all n ∈ N. So Q : X → Y is unique. This completes the proof.
